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Abstract 
Oh! 

r-| ! We compare the vortex-like solutions of two different theories in (2 + 1) dimensions. In 
the first a nonrelativistic field self-interacts through a Chern-Simons gauge connection. It 
^ , is P and T violating. The second is the standard Maxwell scalar electrodynamics. We 
^ . show that for specific values of some parameters the same vortex-configurations provide 
solutions for both theories. 
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1. Introduction 



Vortices in Field Theory have been much studied in the hterature (let us quote for example 
the pioneering article by H.B. Nielsen and P. Olesen [1]). An isolated vortex is basically 
a configuration in two space dimensions and thus represents a typically time independent 
extended object of a (2 + 1) space-time dimensional theory. It is also well known that in 
this dimensionality a gauge theory allows for the interesting possibility of a Chern Simons 
(CS) gauge field (for some general introduction see [2] and [3]). And indeed the vortices 
has been also studied in the CS case, both relativistic and nonrelativistic (see for instance 
references [4] [5] [6] [7] [8] [9]). 

In this letter we present an additional theoretical observation in this topic, by comparing 
the vortex-like solutions of a (2+l)-dimensional Maxwell electrodynamics coupled to non- 
relativistic matter and the vortex-like solutions of a different theory in which the gauge 
field is a (CS) one. Though this letter is "self-contained" we refer to [10] for a more 
detailed discussion on the physical properties of this CS theory. 
In particular we will study two different Hamiltonians: the first is the CS one: 

H = |dV|i|^0p + ^(|0r-^^)^} (1.1) 

In (1.1) (j) is a nonrelativistic complex field, D = V — lA'^^ , where A'~^^ is given by the 
assumption that its field strength is determined by the matter density fluctuation from the 
mean value v'^ =< |0p >, that is: 

= V A = ^ - v^) (1.2) 

here /c is a constant, which we take to be positive. 

Differently from [10], here we take the value of the mass m to be 1, which is possible 
through a rescaling of (p, v, g and k. 

The motivation for assuming equation (1.2), rather than the assumption that the CS field 
strength is proportional to the matter density, is discussed in [10]. Here we remark that 
equation (1.2) makes consistent the formulation since by taking a fixed total number of 
particles N, as appropriate in a non relativistic theory, we have consistently: 

Jd^rVAA^^ = (1.3) 

This theory is formally the same as the one introduced in references [11] [12] [13] [14], 
where also vortices has been studied, for describing the Fractional Quantum Hall Effect. 



2 



Here we focus on some field theoretical aspects of the problem, and thus we will not be 
concerned with particular applications. 

The second Hamiltonian that we will study is the Maxwell one: 

H = j d\\^^F,,F,^ + \\Dct>\^ + g{\ct>\^-v^f^ (1.4) 

In equation (1.4) the covariant derivative D — V — iA contains the Maxwell gauge field A 
and Fij is the corresponding field strength, determined by the usual Maxwell equation: 



where J is the current J=-k^ 



djFj, = -J, (1.5) 

0t50-(^(^0)t . 

The first theory is not invariant under parity (P) and time reversal (T) transformations 
(for this reason we will call it chiral theory), while the second one is P and T invariant. 
We are interested in the vortex solutions of these two theories. 
Let us parameterize the vortex configuration of the matter field by: 

0(r, e) = /(r)e^^^ lim /(r) = v (1.6) 

r— >oo 

here r and 9 are circular polar coordinates. 

Then the set of vortex solutions falls in "topological classes" labelled by the integer n which 
is a topological invariant called vorticity. This integer corresponds, in a rough sense, to 
how many times the vortex winds round. 

In two dimensions the P transformation corresponds to the reflection of only one axis. 
Here we will take the case: 

X —X 

(1.7) 



which in polar coordinate reads: 



y^y 



(1.8) 



On the other hand the T transformation changes the sign of the time coordinate and 
takes the complex conjugation of the scalar fields. Actually in our considerations the time 
coordinate plays no role. But both for P and T transformations the vortex (1.6) transforms 
as: 

0(r,^) = /(r)e-^^/(r)e— ^ (1.9) 

apart for a possible inessential overall sign, i.e. P and T connect the topological classes 
that differ by the sign of the vorticity. Therefore we expect that in a chiral theory vortex 



3 



solutions that differ by the sign of the vorticity will be inequivalent. Indeed we have found 
in [10] that they have different energy. 

In Maxwell electrodynamics we instead expect a perfect symmetry of the vortex solutions 
that differ only by the sign of n. 

In this letter we will show that the chiral theory (1.1) and the Maxwell theory (1.4) 
admit as solutions, though for different values of the constant g, exactly the same vortex 
configurations. Furthermore we will show that the vortex configurations that are solutions 
of two different chiral theories connected by a P{T) transformation differ only by the sign 
of the vorticity, and are both solutions of the Maxwell theory. 

In the second section we will study the chiral theory discussing separately the two cases of 
n < and of n > 0. Then, in the third section, we will turn to the Maxwell electrodynamics. 

2. Chiral theory 

i) case n<0 

Let us now start from the Hamiltonian (1.1) and study it following the method of refs. [8] 
[9] [15] based on the classical work of [16]. 
Using the following identity [17]: 

= I (L*^ ± iDy)(l)f ± V A J ± (2.1) 

the Hamiltonian (1.1) can be written as: 

= I |l|(i), ± iDy)cl>\' ± Iv A (j + v'A^^) + ± ^) (|0|2 _ 2 1 ^2.2) 

The contribution of the second term can be computed using the fact that the asymptotic 
behaviour of the gauge field is: 

lim A0{r) = ^ (2.3) 

r— »oo r 

this equation comes from the requirement of finite energy and leads to the quantization of 
the magnetic fiux in integers factors of 27r. So we get: 

H = ±7rv'n + J d\i^^\{D,±iDy)<p\'+(^g±^){\cP\^-v'Y^ (2.4) 
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Let us consider the special case g = ^^^\ n<0. In this case the problem of minimizing this 
Hamiltonian greatly simplifies since, taking the lower (minus) sign in (2.4), we get: 

H = TTwVl + ^ / ^^^ K^^ ~ '^Dy)(f>\^ (2.5) 
This expression is minimal for: 

{D^ - iDy)4) = (2.6) 

which corresponds to the energy: 

En = TTv'^\n\ (2.7) 
In polar coordinates equation (2.6) reads: 

drf+-f-A0f = O (2.8) 
if we introduce the auxiliary variable: 

a{r) = -n + rA0{r) (2.9) 
with the properties: a(0) = — n>0, a(oo) = 0, we can rewrite (2.8) as: 



drf = -af 
r 

dra=^{f-v') 



(2.10) 



which has been solved numerically, see [10]. 

The same Hamiltonian (1.1), with the same constraint (1.2), also admits vortices with 
n>0. They have been studied in ref. [10]. However their energy is not minimal like (2.7) 
and they will not be solutions of a first order equation like (2.6), or its complex conjugate. 

ii) case n>0 

Consider now a different theory obtained from the one studied so far by a P{T) transfor- 
mation. 

In this new theory, B'-"^ changes sign so we have: 

= V A = -^(|</,|2 _ ^2.11) 



If one wants to relate (1.1) to the Anyon mean field theory one has to take ^> f • For 
a detailed discussion on this, see [10] where the relation between the value of g and the 
properties of the spectrum is also discussed. 
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so in the place of (2.2) now we have: 



H = J d\ !^l\iD^ ± ^D,)0|^ ± iv A (j + v'A^') + ^ ^) (|0|2 _ ^^^^ = 

= Wn + J d^ri^^\{D,±iDy)<p\'+^gTl){\<t>\^-v')'^ (2.12) 

With the same value of g, taking n > and choosing the higher sign, equation (2.12) 
becomes: 

H = TTV^n+^ J d^r\{D^+iDy)(l)\^ (2.13) 

This is minimal if the following equation is satisfied: 

{D^ + iDy)(l) = (2.14) 

which can be obtained from (2.6) by a P{T) transformation, and corresponds to an energy- 
equal to (2.7). 

In polar coordinates (2.14) reads: 

dJ--f + Aef = (2.15) 
r 

Introducing the auxiliary variable: 

b{r) = n - rAf){r) (2.16) 
with the properties: 6(0)=n>0, 6(oo) = we get exactly the same equations as (2.10): 

drf = -bf 

2. (2.17) 

So we have checked that two chiral theories connected by a P{T) transformation admit 
the same vortex solutions with n^—n. 

We will show next that the P{T) invariant Maxwell electrodynamics theory possesses both 
kinds of solutions with n<0 and with ?7.>0, where in both cases the field (j) satisfies a first 
order equation like (2.6) or (2.14). 
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Maxwell electrodynamics 



Let us start from the Hamiltonian (1.4) and let us look for its vortex- like configurations 
of minimal energy. 

Using again the identity (2.1) (now with B'~'^ — > B = V AA) equation (1.4) can be rewritten 
as: 

" = J d'''{\^^^F^J + l\iDx±iDy)<p\^ AJ±^B\<P\^ + g{\<pf -v^^^^ (3.1) 



i) case n<0 

We start discussing the case with the lower sign. Integrating the second term of (3.1) by 
parts we get: 

^ = J"^'"' [l^^^^^^ - '^^^DD4> -\VA J- \b\4>\^ + g{\ct>\^ -v^f^ (3.2) 
In equation (3.2) we have introduced the complex notation for the covariant derivatives: 

D = ]^{D^-iDy) D=^{D^ + iDy) (3.3) 
The equations of motion from this Hamiltonian are: 

^^0 -2M0- Js0 + 2^(|(^|2 --t;2)0 = (3.4) 



50t 

5H 



= ^ djFj, = -Ji (3.5) 



Notice that equation (3.4) admits the solution: 

D(f) = (3.6) 

B=''im'-v') (3.7) 

provided we take 9 — fj^, and (3.5) is satisfied if B is equal to (3.7) with k = A.TT as can be 
easily checked. Indeed equation (3.5) in polar coordinates reads: 

drB = -Je 

1 (3.8) 
-deB = Jr 
r 
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and computing Jq and Jr for the vortex (f){r,6) = f{r)e'^'^^ we get: 

Je = fir)[^ - Aeir)]fir) 

Jr = Q 

Now, using equation (2.8), the first of (3.9) becomes: 

Je = -f{r)drf{r) (3.10) 
On the other hand from (3.7) we get: 

drB = ^f{r)drf{r) (3.11) 

proving the validity of the first of (3.8). The second is obviously true. 

Formally (3.6) and (3.7) are exactly the equations for (f) and B found in the chiral theory 

described above (see equations (1.2) and (2.6)). 

Notice that, because of the presence of the kinetic term for the gauge field, in the Maxwell 
case g has no more the value ^ it had in the chiral case. Furthermore, now the value of 
the constant k is no longer free but it is constrained. 
The Hamiltonian (1.4) can be written as: 

H = J £ri^lB^ + lm^+g{\<P\'-v^)'^ (3.12) 

using (3.7), and (2.1), equation (3.12) can be rewritten as: 

H = Jd'r {2|i)0p - iv A (j + v'a) + + ^ - ^) -v'f^ (3.13) 

— * 

The second term can be computed again using the asymptotic behaviour of A. The third 
term vanishes using the values of g and of k found above, so we get: 



H = -TTv'^n + 2 



J(fr\D(l)\'^ (3.14) 



Notice that, since for our solution (3.6) holds, the positivity of H requires n to be negative. 
Formally, equation (3.14) is equal to the corresponding Hamiltonian of the chiral theory 
(2.5). 
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ii) case n>0 

Now let us discuss the case in which the identity (2.1) is used with the other (upper) sign. 
The Hamiltonian (1.4) can be rewritten in the foUowing way: 

We stress that this is the same Hamiltonian as equation (3.2). 
Again we can compute the equations of motion: 



-2DD(f>+-B(f) + 2g{\(f)\'^-v'^)(l) = (3.16) 



5H 

1^ = ^ djFji = -Ji (3.17) 
These equations are solved by: 

D(f) = (3.18) 

B=-^-^m'-v') (3.19) 
with the previous values of g and k. 

As noted in the chiral case these are the equations that are obtained from (3.6) and (3.7) 
using the parity transformation (1.8). 

Equations (3.18) and (3.19) are again formally equal to the corresponding equations for 
and B in the chiral theory (see equations (2.11) and (2.14)), so they have the same vortex 
solutions. 

The Hamiltonian (3.15) can be rewritten as 



H = TTv'^n + 2 



J (fr |L>0|2 (3.20) 



Now the positivity of H requires n>0. 

Again equation (3.20) is formally equal to the corresponding Hamiltonian of the chiral 
theory (2.12). 

Concluding we have obtained exactly the same vortex solutions found in the chiral theories, 
as announced in the introduction. 
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